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Abstract 

Instead of a strong quantitative form of the Hardy-Littlewood prime 
fc-tuple conjecture, one can assume an average form of it and still obtains 
the same distribution result on ip(x + h) — ip(x) by Montgomery and 
Soundararajan 0. 


1 Introduction 

Let A (n) be von Mangoldt lambda function, n(n) be the Mobius function and 
<f>(n) be the Euler’s phi function. Let e(0 ) = e 2 ” 61 , e > 0 and ip(x) = J2 n<x A (n). 
In [P, Montgomery and Soundararajan studied the distribution of primes in 
short intervals 


N 

M K (N;H):=J2Wn + H)-<p{n)-H) K ( 1 ) 

n=l 

under a strong quantitative form of the Hardy-Littlewood prime fc-tuple conjec¬ 
ture: 

Conjecture 1. 

k 

zn A (n + di) = &(D)x + Ek(x;T>) (2) 

n<.x i= 1 

holds with 

Ekix-V) N 1 ' 2 ** 

uniformly for 1 < k < K, 0 < x < N , and distinct di satisfying 1 < di < H. 
Here T> = {di,d 2 , ■■■jdk}, and 


°V)= E (nfi) E •(£ 

Qi,---,Qk *=1 ai,...,a fc i—l 


l<qi<oo 


ajdj 

Qi 


l<ai<.qi 
(a,,qi)—l 

E 


is the singular series as in equation (2) of^fj. 
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They proved 

Theorem 1. Under Conjecture^ J 

j-N 

M k (N ; H) =^ k H Kl2 J (log x/H + B) K ' 2 dx 

+ O^N (log N) K/2 H K/2 (Z^^J V(8A) +H K N 1/2+e ^ 

uniformly for log N < H < N 1 ^, where /ifc = 1 • 3 • • • (Jc — 1) if k is even , and 
Mfc = 0 z/ k is odd; B = 1 — Co — log27r and Co denotes Euler’s constant. 

The first author of P suggested to the present author that Theorem [T] is 
probably true under an average form of the Hardy-Littlewood prime fc-tuple 
conjecture, namely: 

Conjecture 2. For x > H, 

Mx,V ) 2 <ZkX 1 +e H k . 

d!,...,d k 
1 <di<H 
di distinct 

Our goal in this paper is to prove Theorem |T| under Conjecture 0 
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2 Proof of Theorem |T] 

Lemma 1. With Aq( n) = A(n) — 1 and \A\ denoting the size of a set A, 


J2U A o( n + d ^ = 6 o(^x + 0( J2 \ E \3\ix-M\) 

ac{i, 2 ,...,fc> 


n<xi=l 


where 


& 




°< D > = e (nSS) E KE? 


l<qi<oo 


T=i 


ai,...,a k i=l 

l<ai<Qi 
(ai,qi )=1 
E CLi/qi^Z 


and Dg = {dj} je3 . 
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Proof: The left hand side 


= E Ih A ( n +*)-!) = £ E (- 1 ) fc_l31 II A ("+ 

n<x i—1 n<x 0c{l,2,...,fe} iG# 

= £ (_1)*H3I £ n A(n + di) 

3C{1,2 n<xie3 

= £ (-^-'^(epg^ + ^i^Dg)) 

3C{l,2,...,fe} 

=6o(D)o: + 0( £ |£7|3|(*;D a )|) 

ac{i, 2 ,...,fc} 


by © and the identity So(®) = Sjcd( — 1)^<5(J) (see equation (5) of P). 

Proof of Theorem ^ under Conjecture [3 Following jT|, we expand 0 and 
have 


M k (N; H) 



\ ivi i ,... ,1V1 

E Mi=K 


x E IP- 1 )" 1-1 " 

i— 1 

0 <rrii<Mi 



Lk( m), 


(3) 


where 


N k 

Lfc(m) := £ £ T~[ A mi (n + dj) 

di,...,dk n=l i=l 
1 <di<H 
di distinct 


(4) 


and A m (n) := A(n) m A 0 (n). To estimate Lfc(m), one needs to distinguish be¬ 
tween those * for which rrii = 0 and those for which > 0. Following pp, we 
set X = (1, k} and introduce 


X = {i G X : rm > 1}, J = {* G X : m* = 0}, 3 C X. 
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Then 


^ U A 0 (n + dj) A (n + di ) 

n<x 0 i£J-( 

=j2 J2 n *>(«+*)= 5zn A °( n+dj; 


n<x g ieg 
3C8CX 


3 n<x ieg 
3C8CX 


£ [6 0 (V 3 )x + O(J2\E\ 3 '\(x-,V 3I )\) 

3 3'C3 

3C3CX 

X £ ®0(Dg) + Ofc(£ |£ , | 3 C /|(a:;DacOl) 


3 

JCSCX 


X'CX 


by Lemma^l We write the above as f{x) = cx + E x , x . In general, 
g(x)df{x) 

=g(X)f(X) - J f(x)g'{x)dx 

=g(X)[cX + E x ,o c] - {cx + E x , x )g'(x)dx 

=c J g{x)dx + o(^E x ,x\g(X)\ + j E x , x \g'(x)\dx'j. 


Thus, by integration by parts, 
N 


n—1 ieJ 
r N 


y](PA°(n + di)) (P A(n + di)(log(n + d,:)) mi 1 (log(n + d i ) - 1)) 
iew 

I II (log(x + di)) mi_1 (log(a; + di) - 1 )df(x) 

i£3< 

r N / 

C / TT (log (x + di)) mi_1 (log (x + di) — l)dx + O( Ex, X log^ N 


iew 

r N ,K 


„ log* (x + H) J , 
-Ex, 3 C- dx ) . 


1 1- 


This is the analogue of equation (65) in pp. Now, note that 
A m (n) = A(n)(logn) m_1 (logn - 1) 
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when n is prime. We have, by following the argument in pQ, 


N k 

55II Ami [n + di) 
n= 1 2=1 

= ( 51 ®o(®a)) (Im{N) + 0(H(logN) K ~ k )) + 0{N 1 / 2+e ) 

3 

3c3CX 

+ O (e n , 3 c log K N+ £ E x ,x ° gK{X x + H) dx). 

where 

pN 

Im{N) := / JJ ((log(loga; — l))dx. 

Jl ie3i 

Putting © into 61 , 

I 4 (m) =/„«V) 2 E &o(T) 3 )+ 0{H k N 1/2+e ) 

d di,...,dk 
JCBCX 1 <di<H 
di distinct 

pN i K 

+ o( 55 E N>X log* N + j 55 E x ^^-^dx). 

d\,....dk di,...,d k 

1 <di<H 1 <di<H 

di distinct di distinct 

Now, we use Conjecture [21 By Cauchy-Schwarz inequality, 

55 \E k {x,V)\ C k x 1/2+e H k . 

di,...,d k 
1 <di<H 
di distinct 

In particular, 


55 E x , x 

= E 

E 

\E\x'\(x\ T>oc>)\ 

di,...,dk 

di,...,d k 

OC'CK 


1 <di<H 

1 <di<H 



di distinct 

di distinct 




k 

«*E 

E 

\Ej(x m , X>)| x^ 2+e H k 


J=0 

d±,...,d 

3 


1 <di<H 
di distinct 


Applying this to ©, the second error term is <C N 1 / 2+e H k while the third error 
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term is 



\ ' jji \og K {x + H) 

> &x,X - 

, X 


dx + 


1 <di<H 
di distinct 


l E ^ 


1 <di<H 
di distinct 


< k N 1 / 2+e H k + [ fffc+l lQ g ( X + g ) dx N l/2+e H k 
J 1 X 

as H < N 1 / 2 . Hence, 0 has an error 0{H k N 1 / 2+t ) and the rest of the proof 
in [P follows. Therefore, we have Theorem funder Conjecture [3 
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